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ABSTRACT 
Let n > 3, and x be an irreducible nonlinear character of S,. We describe the, 
set 9: consisting of those permutations p E S, for which there exists a matrix 
C E M,(C) such that, for all r E S,, x(rr)KIy, 1 c,,(~) = I. As a consequence 
we get an improvement of a theorem due to Duffner. 
1. INTRODUCTION 
Let n > 3, and x be an irreducible nonlinear character of S,. In [ 1, 
Theorem 3.21, A. Duffner proved that a linear transformation T : M,,(C) + 
M,(C) preserves the immanant d, if and only if there are permutations 
71, 7p E S, and a matrix C E M,(C) satisfying 
V7r E s,, (1.1) 
and such that 
vx E M,(C), T(X) = c * P(T1)xP(72) 
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or 
vx E M”(C) > T(X) = c * P(T,)XTP(T,), 
where * denotes the Hadamard product and for each g E S,, P(a) denotes 
the n X R permutation matrix whose (i,j) entry is (P((T))~~ = aiflcjj, i,j = 
1 >.**> n. 
Duffner’s theorem suggests the problem of characterizing the pairs of 
permutations (or, r2) for which there exists a matrix C E M,(C) satisfying 
0.1). 
Let 9X denote the subset of S, consisting of those permutations p for 
which there exists a matrix C E M,(C) such that, for all rr E S,, 
X(T)ivl 'i?r(i) = XCTP)* (1.2) 
Since, for all rr, 7r, ~-a E S, we have x(T~~TT~) = ~(7~~7~1, the problem 
above stated is equivalent to that of describing the set .J?~. 
2. DESCRIPTION OF 9x 
As is well known, there is a natural one to one correspondence between 
the irreducible complex characters of S, and the partitions of 72. We will 
write x= [m,,..., m,] if x is the irreducible character associated to the 
partition (ml,. . . , m,). 
THEOREM 2.1. Let n > 3, and x be an irreducible nonlinear character 
of S,. Then: 
(a> If x + [2,23, 9X = {id}. 
(b) Zf x = [2,2], 9X = {id, (12x34), (13x241, (14X23)]. 
Combining Theorem 2.1 with Theorem 3.2 of [l], we immediately get the 
following result. 
THEOREM 2.2. Let n > 3, and x be an irreducible nonlinear character 
of S,. Zf x # [2,2], then a linear transformation T : M,(C) + M,(C) pre- 
serves the immanant dx if and only if there are a permutation r E S, and a 
matrix C E M,(C) satisfying 
whenever x( rr) f 0 
LINEAR PRESERVERS OF IMMANANTS 
and such that 
or 
vx E M,(C), T(X) = c * P(T)XP(T~1) 
vx E M”(C), T(X) = c * P(7)xYP(T-‘). 
3. PROOFS 
We need some auxiliary results. 
LEMMA 3.1. The set 9X is an inoariant subgroup cf S,,. 
Proof. To prove that id E 9, it is enough to consider the n by n matrix 
C with all its entries equal to one. 
Let pl, p2 EpX, and assume that C, and C, are tl by n complex 
matrices satisfying, respectively, 
X(T)if!(c,)i~Ci~ = X(Tpl) for all rr E S,, 
and 
for all lT E s,,. 
Take C = C, * P( p1)C2. Then, for all 7~ E S,,, 
X(T) t$ Cjp(i) = X(rr) I!j (c,),7r,i,(p( P1)G)in(i) 
= X(n) l!j tCl)inCil fJ (C2)p;‘Cl)~(il 
Thus plpz ‘Px. 
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Assume now that p ~9, and C is an n by n complex matrix satisfying 
for all 7r E S,. 
Consider an arbitrary permutation 
Then, for all 7r E S,, 
u E S,, and take C’ = P((+)CP(a-‘). 
Since x is a class function of S,, from the above equalities we get, for all 
Q-rE S,, 
= /y( u-17m) fi Cjg-l$_qj, 
j=l 
Thus upo- ’ E 9X. 
= ,y( &Tup) 
= /y(7rupu-1). 
??
LEMMA 3.2. If x # D, 21, A en there exists a permutation p E A,, such 
that ,y( p) = 0. 
Proof. Let p be the number of boundary frames of the Young diagram 
associated to x. We will consider several cases and subcases depending on p. 
In each one we will exhibit a permutation o E A,, such that x( o> = 0. All 
cases can easily be confirmed by applying Nakayama’s rule. 
Case I: p < n - 1. If p is even, take a cycle p of length p + 1, and if 
p is odd, take a cycle p of length p + 2. 
Case ZZ: p = n - 1. If IZ is odd, we can take a cycle p of length R. 
Suppose now that n is even. Then x = [2 + u, 2, l"], with u, v > 0 and 
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u + c even. Since associated characters vanish on the same permutations, we 
may assume that u 2 o. Under these conditions, as x # [2,2], we must have 
u > 1, and if u = 1 we will also have ti = 1. We will consider five subcases: 
(i) u is even. Take a cycle p of length u + 1. Notice that since 11 + I- 
is also even and 1~ > v, we must have u + I > v and u + I # c + 2. 
(ii) u = v = 1. Take p in the conjugacy class of cyclic structure 
(2,2,1”). 
(iii) u is odd, and u, v > 1. Take a cycle p of length 21 + 4. 
(iv) u is odd, u > 3, and v = 1. Take p in the conjugacy class of cyclic, 
structure (u, 5). 
(v) Ed = 3 and 0 = 1. Take p in the conjugacy class of cyclic structure 
(2,2, 14). 
Case III: p = n. In this case we have x = [m, I’lP”‘] for some 171, and 
since x is nonlinear, we must have 1 < n - m < II - 2. We may assume 
that m 2 n - m + 1. If m is odd, take a cycle p of length m. If m is even 
and n - m = 1, take p in the conjugacy class of cyclic structure (m - 2,2, 1). 
Finally, if m is even and n = m > 1, take a cycle p of length m + 1. ??
LEMMA 3.3. lf p EP~, then ,y( p) # 0. 
Proof. This is an immediate consequence of considering rr = p ’ in 
(1.2). ??
We will now prove Theorem 2.1. 
It is well known that if n > 4, the only invariant subgroups of S, are {id}, 
A,,, and S,. Thus using the previous lemmas, we immediately conclude that if 
n > 4, then Px = {id]. So it remains to study the case n = 4. 
Let 
G = {id,(l2)(34),(13)(24),(14)(23)}. 
Since the invariant subgroups of S, are {id), G, A,, and S,, using again 
the previous lemmas, we conclude that if x = [3, l] or x = [2, 12], then 
.Px = {id} or 9X = G, and if x = [2,2], th en Px = {id}, Px = G, or 9” = A,. 
Let x = [3,1]. Suppose that (12x34) E Yx, and let C E M,(C) be a 
matrix such that, for all rr E S,, 
x(r) Jfj C,,(i) = x(7+2)(34)). 
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Taking successively r = id, r = (131, and r = (241, we get 
cllc22c33c44 = 
-1. 
3 a 
c13c22c31c44 = -1, 
cllc24c33c42 = -1. 
Combining these equalities, we obtain 
c13c24c31c42 = -3. 
But, if we take rr = (13x24) we obtain 
c13c24c31c42 = 1, 
coming to a contradiction. Thus (12)(34) E Px, and by the previous consider- 
ations we conclude that Px = {id}. 
Now let x ’ = [2, 12], that is, the associated character of the character 
x = [3,1]. Then, for all rr E S,, x(n) = E(~~)x’(T), where E(T) is the sign 
of 7r. 
Suppose that p = (12x34) E ~9’~~ and that C E M,(C) is such that, for all 
rrE s,, 
As p is an even permutation, multiplying the previous equality by E(T), we 
get 
for all ?rE s,, 
which is a contradiction, since p EYx. Thus we also have 9”, = {id). 
Finally let x = [2,2]. If p E G, it is easy to conclude that for all IT E S,, 
x(rr) = ,y(m-p), and thus, taking the matrix C with all its entries equal to 
one, we conclude that p E ~3’~. Thus we have G E ~9’~ and to finish the proof 
it is enough to show that the permutation (123) E ~9’~. 
Suppose by contradiction that (123) E Px, and assume that C E M,(C) is 
a matrix such that, for all m E S,, 
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‘Taking successively 7r = id, T = (234). 7~ = (1431, 7~ = (1241, and rr = (132). 
we get the following equalities: 
1 
c11c22c33c44 = - 1, 
-2 
Cl1 = 
c23c34c42 
-2 
c22 = 
C14C3lC43 
- 2 
c33 = 
C12C24C4I 
1 
C44 = 
C13~2lC32 
Combining these equalities, we obtain 
c23c34c42c14c31L‘43clZc24c41c13c21c32 = 16. 
On the other hand, taking GT = (12)(34), rr = (13x241, and r = (14)(23) and 
multiplying the respective equalities, we get 
c c c.c c c c c c c c c.=l, 23 34 42 14 31 43 12 24 41 13 21 32 
coming to a contradiction. 
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